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Abstract

The derivation of an algebraic factor endowment model of trade with
three goods, two factors, two countries and technical change is demonstrated.
An analysis of the comparative statics is performed in the form of a numeric
example and leads to interesting results. The idea of “endogenous technical
change” is presented as a way to improve the model.
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1 Introduction

Higher dimensions in traditional factor endowment trade theory are in general
interesting as they extend long established and often-taught cornerstones of neo-
classical trade theory. The issue of technological change and growth in a trading
world has a long tradition in the literature. Nevertheless, technological change in
higher dimensional trade models is not yet very well understood. One reason for
this deficiency is the popularity of imperfect competition models in international
economics during the last two decades.

In a higher dimensional trade model, the existence of different cones of diver-
sification is not only possible, but also of utmost importance for the debate on
trade and factor prices. In a 2x2 factor proportions model of trade, the statement
that countries’ endowments lie within one diversification cone is equivalent to the
statement that countries’ endowments are not too different to allow for factor price
equalization (FPE)[]

Higher dimensions in a factor proportions model give rise to the possibility of
several cones of diversification. Figure [l|illustrates a case with three goods (X, Y,
7). Good prices are such that two cones of diversification exist. The position of the
unit-value-isoquants depends on good prices and technology. In a situation such as
shown in figure [I], there is no single factor-price- or isocost-line that is consistent
with non-negative profits and cost-minimizing behavior of firms. Instead, two sets
of factor prices exist (wa,ra vs. wg,rp). With intersectoral mobility of factors,
there cannot exist two sets of factor prices within one country. Thus, countries
specialize - given internationally common good prices and technology - in their
production.

The two corresponding cones of diversification are shown in figure [T} The pat-
tern of specialization follows countries’ endowments: Countries that are relatively
well endowed with labor (L) specialize in the production of the relatively labor
intensive goods and vice versa. Factor prices are not equalized in this situation
but differ according to different “membership” to cone 1 or cone 2 (or to none of
them). Countries within the same cone share factor prices. It is interesting to note
that for a country that lies in — say — cone 1, the accumulation of capital will not
immediately result in a change in its factor prices as in the Solow-Growth model
for a closed economy. In a situation with several cones of diversification, trade
isolates a country from the effects of factor accumulation on factor prices as long
as it stays within the same cone.

A trade related influence of technological change on factor prices and the like-
lihood of FPE is now obvious. Any change in technology alters the position of
the unit-value-isoquants in figure [I This changes the position of the cones and

1Other necessary assumptions for the FPE-theorem to hold are that there are no factor-
intensity reversals and that all economies are fully diversified (produce both goods).
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Figure 1: Two cones in a 3x2x2 trade model

that of the unit-cost- or factor-price-lines. In Becker / Kunz (2003), we assume
Harrod-neutral technological progress in the capital-intensive sector and show that
this encourages factor price equalization. We relate this to the neoclassical growth
model and challenge the pessimistic view of Deardorff (2001) who argues that
"there seems to be nothing in the available neoclassical growth models to suggest
that the growth process is likely to bring the countries of the world sufficiently close
together in terms of their factor endowments to permit global FPE" (Deardorff
2001: 197).

For this kind of graphical analysis, technological progress is introduced in a
general equilibrium but price variations are ruled out in order to isolate the effect of
technological change on the specialization pattern and on factor prices. To account
for the endogeneity of prices, it is necessary to analyze the general equilibrium
algebraically with techniques as promoted by Dixit / Norman (1980).

The paper proceeds as follows: Section [2] establishes the general equilibrium
model for a 3x2x2 world with mobility in goods and immobile factors of produc-
tion between two countries. The initial situation of the world economy is set out
by assuming two cones of diversification as shown in figure [I In Section [3] we
analyze the comparative statics of the system. Section 4| contains several ideas for
improvements and thereafter we conclude.



2 The system of equations

The special situation under consideration can be described as follows:

e There are two countries (A and B). Both countries produce with two factors,
capital K and labour L.

e Country A produces in Cone 1 and is specialized in producing goods X and
Y. Country B produces in Cone 2 and is specialized in producing goods Y

and 7.

e The production of good X is more capital intensive compared to the others.
Good Z is produced labor intensively compared to the other two, while good

Y is in-between.

e There is no factor price equalization, thus w4 # wg and r4 # rp.

e In each country, there is just one consumer who owns the factor endowments.

e Countries share the same technologies, thus the unit-cost functions are the

same in both countries.

In a general equilibrium model with perfect competition, factor- and good
markets have to be in equilibrium and the price of produced goods (px,py,pz)
matches exactly the unit costs of firms (cx, ¢y, cz). The corresponding equilibrium

conditions are as follows:

The zero profit conditions in production:
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w4 (wp) represents factor prices in country A (B). The a;;’s (b;;’s) are the
unit factor requirements of factor ¢ to produce good j in country A (B). The unit
factor requirements are functions of w, as profit-maximizing firms take the cost of
input factors into account when they decide which amount of factors to employ to
produce a good with a given technology.



At least in the traditional Solow-Growth-Model, technical change is the key
driving force for long-term growth of nations. In our model, technological change
enters the trading world through the parameters Agx,Arx,...,Bxz,Brz. A
change in those parameters directly affects firms’ production possibilities and —
since we analyze a general equilibrium model — all endogenous variables. For ex-
ample, a higher Axx means that less capital is needed to produce one unit of good
X in country A. For the moment, think of them to have the value of unity. Then
to are standard unit cost functions.

Full employment in factor markets:

Ky =Xu- MX—IEC;A) +Yy - C”j—[(:/A) (5)
Ly =Xy4- CLLE—S;A) +Yy - CLLZ—SZJ/A) (6)
o ) st .
L =Yg %f‘) +Zp - % (8)

The endowments of each country are represented by K4 g, L4 g. The conditions
to state that factors are fully employed in the production of goods. Factors
of country A are used to produce goods X4 and Y4, whereas factors of country
B are used to produce goods Yp and Zg. Factors are mobile between sectors and
immobile internationally.

Equilibrium in good markets:

XA:DXA(ﬁ;TAKA—i‘U}ALA)+DXB(]7;TBKB+U}BLB) (9)
—— ~ ~ ”
YA+YB:DYA(ﬁ;TAKA—f-wALA)—f—DYB(]?;TBKB—i-’U}BLB) (10)
—_— —~
ZB:DZA(ﬁTAKA+wALA)+DZB(ﬁTBKB"i_wBLB) (11)
—_——— N ~ ”

Equations @ to equalize supply and demand in international good mar-
kets. Trade is free and frictionless.

In principle, we have now 11 equations for 11 unknown endogenous variables
(px,Dv,Pz,TA, WA, TR, WE, Xa,Ya,Yp, Zp) and thus a determined system. But:
In equations to , a few endogenous variables appear as arguments of a
unspecified function and thus cannot be isolated. For different values of w4 or wpg,
the parameters a;;(bjx) represent different amounts of factor-usage j in country A
(B) for the production of one unit of good k. These parameters depend on detailed
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properties of technology, most importantly on factor substitutability. Here, we
treat the aj;’s (bji’s) as parameters to the problem. In other words, we assume
that the a;,(b;;) differ industry-per-industry and country-per-country for some
unexplained reason. Later a shock will occur (technical change), but this will not
affect the choice of the technical coefficients a;;(b;r). We limit the reaction of
the general equilibrium to the shock to the case of a Leontief technology with no
factor-substitutability at allP]

A similar problem (a few endogenous variables appear as arguments of a unspe-
cified function) occurs in the demand-functions in equations (9)) to (1I)). Demand
(ordinary, Marshallian demand) depends in principle on prices and income. In
order to isolate endogenous and exogenous variables, and parameters, we specify
demand in more detail. We introduce the standard-assumption of homothetic
preferences.

Homothetic preferences imply an expenditure function that is multiplicatively
separable (Dixit / Norman 1980: 62f. and Appendix): e(p,u) = ¢ (u) - €(p). The
function ¢ (u) is an increasing function of u. As only ordinary utility matters, one
can “take 1(u) itself as the indicator of utility, and then relabel it u.” (DN80: 63)
The expenditure function (here for good X) we specify is Cobb-Douglas:

N » 1/3
, Q;

v [(%)1/3. (%)1/3‘ (%)1/3] = u- (3«p§( ~pé .p§> (12)

From an expenditure function, (Hicksian) compensated demand functions H (p, u)
are derived by the corresponding partial derivatives with respect to the price of
the good in question. The Hicksian demand for good X, for example, is:

de(p, u) -z 1 1
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2In following research, this assumption should be relaxed, as the factor substitution might be
ruled out for a “short-term” period, but in the long run, firms should be assumed to re-optimize
their relative use of the different factors. One could think of technological progress to enter the
world at the beginning of every period. At the beginning of the period, technology is Leontief
and as time goes by firms re-decide about their new choice of technical coefficients. At the end of
the period, a new “initial” general equilibrium would be “ready” for the next technological shock
and so on.



Compensated demand functions H(p,u) coincide with the ordinary demand
functions D(p,y) if the income y is just right to attain the utility level in H(p, u).
The consistency condition y = e(p, u) must hold. The relationship between H (p, u)
and D(p,y) is (Dixit / Norman 1980: 60, 62):

H(p,u) = D(p,y) = D(p, e[p, u]) (13)

The step from Hicksian to Marshallian demand is now short: Given that income
y in the Marshallian demand Dy (p,y) is just enough to reach the utility level u
in the Hicksian demand Hx (p, u), then the two demands coincide. Then, we have
as ordinary, Marshallian demand (for good X in country A) in the case of Cobb-
Douglas-preferences:

1 1
2y 5 TAKA+wALA

Doy 3Y_5 [( )] (14)
bx bPx

This specification of the demand functions will be used in the equilibrium
conditions for the good markets. They have the standard properties of demand
functions that are derived from identical and homothetic preferences. The amount
of goods that are demanded by country A depends on prices and on the income
level. The composition of the demand of country B is the same, nevertheless, the
levels might be different if the income is different.

Having discussed our assumption on technical coefficients a;j, (b;) and on de-
mand, we can rewrite the simplified system of equations as follows:

a a
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CYZT’A'ZKY+1UA'ZLY =Dy (16)
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by bry
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1
XA:g-[TAKA+MALA+TBKB+ZUBLB]'p)_(l (23)

1
Yi+Yp = 3’ [raKa+wala+rpKp+wpLp| - py' (24)

1
ZBZg-[TAKA+IUALA+TBKB+ZUBLB]-p}l (25)

This is now the complete system of equations that describes the general equilib-
rium in the “initial situation”. The exogenous variables determine the endogenous
variables. For our purpose of comparative statics the fully solved system of linear
equations for levels is of less importance and the hilarious expressions are dispelled

to Appendix [A. 1]

3 Comparative Statics

We compute the total differentials for all equations. With total differentials at
hand, we are then able to analyze any shock on the endogenous variables. In oder
to improve readability, we again dispel our system of equations, this time in total
differentials and matrix notation, to Appendix ({A.2]).

Solving the system of the eleven total differentials for the change of the en-
dogenous variables is in general possible. However, the resulting expressions are
extremely complicated and very long. For simplification and in order to ease the
interpretation of the results, we decided to play with numbers. The first step is to
find values for endowments and unit input requirements of the two countries that
represent the following pattern:

e Country A is rich in capital relatively to country B

e The production of good X in country A is the most capital intensive whereas
the production of good Z in country B is the most labor intensive. This

10:9.¢ aKy bry br z
sequence holds: > > >

arx ary bry brz

e The resulting values for the endogenous variables have to make sense eco-
nomically, e.g. positive values for the prices and quantities. In our case factor
prices should differ as we do not assume factor price equalization across both
countries but two different cones of diversification.

30n request, there is an EXCEL-spreadsheet for this linear system available from the authors.
One can test the reaction of changing exogenous variables and parameters on good and factor
prices, and on quantities.



Unit factor requirements and endowments are chosen as follows:

arx — 10 aAKx — 70 ary — 33 Ay — 40
bLy - 43 be - 22 bLZ - 50 bKZ - 15
K4 = 115000 L4 = 50000 Kp = 35000 Lp = 110000

The corresponding values for the endogenous variables are:

wy = .0044 rq =.0214 wp = .0019
rg = .0417 X4 =940 Y4 = 1230

Y = 220 Zp = 2011 px = 1.5431
py = .7211

The total differentials for the system of equations — having used the above
values — are displayed in equation to :

10d(wA) 4 70d(7"A) . IOwAd(ALX) o 7OT‘Ad(AKx)

d = 26
33d(wA) 40d(T’A) 33wAd(ALy) 407“Ad(AKy)
R L P T A (27)
LY KY LY KY
43d(’LUB) 22d(TB> 43’U)Bd(BLy) 22 TBd(BKy)
0= + — . - . (28)
Bry Bgy BLY BKY
50d 15d 50wpd (B 15rgd(B
0 (py) = B(wB) n . (rp) w%2( Lz) 7"3B2( Kz) (29)
LZ KZ LZ KZ

The simplification of setting py as numeraire has the result that the change of
the price level of good Y is zero. Contrary, the change in the other price levels can
be either positive or negative depending on the exogenous shock.

Assuming fixed endowments in both countries, the change in the factor endow-
ments is zero. The new equations for the factor markets to are stated
below:
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Brz Bry B, Biy
50d(Zg) 43d(Yg) 50Zpd(Brz) 43Ypd(Bry)
0= + — 5 — 5 (33)
Brz Bry B Biy
For the good markets, the total differentials are:
11 d d d 11 d
d(X4) = 0000 d (wp) n 50000 d (wa) N 35000d (rp) n 5000d (r4)
3px 3px 3px 3px (34)
n (—110000 wp — 50000 w4 — 3500075 — 11500074) d (px)
3p%
d(Yg)+d(Ys) =
110000 d 50000 d 35000 d 115000 d
(ws) (1wa) | 35000 (rs) | ()
3 3 3 3
110000 d (wg)
d(Zg) = ——=
(Z5) 3pz
50000 d d 11 d
n 0000 d (w4) n 35000d (rp) n 5000d (r4) (36)
3pz 3]72 3pZ
N (—110000 wp — 50000 w4 — 3500075 — 1150007 4) d (pz)

3p%,

Equations (26| to describe an initial situation for two countries with two
cones of diversification. For simplicity, we assume that in the initial situation the
values for the technical coefficients Axx, ..., Brz are equal to one. The underlying
reason for this assumption is that no bias in technology should be exist in the
initial situation. Of course, technical change can be directed towards capital or
labor or both in any combination. Biased technical change means that improved
efficiency via technical change differs between factors (and maybe also between
sectors).



To show how the endogenous variables, most importantly the factor prices,
react to an exogenous shock — a change in technology — we perform an exercise
in comparative statics. We solve the complete system of totally differentiated

equations for the endogenous variables.

.0023d(Bky) + .1336d(ALy) — .0243d(ALx)+
0.115d(Agy) — .1109d(Agx)

d(ry) = —.0027d(BLz) — .0011d(BLy) + .0027d(Bg z)+
0019d(Bgy) — .0175d(ALy) + .0201d(ALx )—
0174d(Agy) + .0915d(Akx)

d(wp) = —.0461d(Brz) — .1059d(BLy ) + .0461d(Bx ) —
0507d(Bry ) — .0944d(Ay ) — .0202d(Ax)—
0933d(Aky) — .1257d(Akx)

1985d(Brey ) + .1846d(ALy) + .0396d( AL x )+
1824d(Aky) + .2456d( Ak x)

d(Xa) = —141.4d(Apy) — A7.6d(Apx) + 141.4d(Agy )+
274.9d(Ax x)

d(Ys) = 247.4d(ALy) + 83.29d(Apx ) — 42.84d( Ay )—
83.29d( A x)

d(Yg) = —688.3d(BLz) — 288.2d(BLy) + 688.3d(Bxz)+
491.5d(Bxy)

d(Zg) = 1010.d(Brz) + 422.7d(Bry) — 592.0d(Bg z)—
422.7d(Bgy)

1112d(Bgy) + .1133d(Apy) + .0382d( A x)—
0671d(Agy) — 1304d(Axx)

d(pz) = —3586d<BLz) — 6468d(BLy) — 5371d(BKZ)+
4422d(Bgy) — 1.953d(ALy) — 4188d(ALx )—
1.93d(Axy) — 2.599d(Ag x)
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Several changes occur as a reason of any shock in technology. For example,
the system of relative prices reacts to any shock. For the topic of factor price
equalization, this is important. Figure [1| boils down the topic of factor price
equalization to the position of unit value isoquants in the K-L space. In the
graphical analysis, the isoquants shift because of price movements. But they also
move directly due to improved technical efficiency. In a graphical analysis, the
two simultaneous movements of the isoquants are difficult to control. In a general
equilibrium model, the simultaneous effects are captured and clearly displayed in
the above stated equations.

Assuming improved technology only in the capital intensive sector of good X,
and completely directed to capital (Axx), the system would react with a decrease
in both relative prices, px and pz. The production of good X (Y') in country A
increases (decreases), whereas the production in country B is not affected. The
production quantity in country B cannot change because of the assumptions of
fixed endowments and fixed unit input requirements. In country B, changes can
only occur on the consumption side.

The rental rate of capital in country A increases due to the shock and the
wage rate decreases. In country B opposite changes in factor rewards occur. In
the initial situation, the wage-rental ratio (%) in the capital-rich country A was
relatively high compared to labor-rich country B. Improved efficiency in the use
of capital in country A and sector X lowers the wage-rental ratio in country A
but also lowers the ratio in country B. Whether both ratios approach each other
depends on detailed properties of the initial situationE] In our case, a specific shock
only on Ay, with the implicit assumptions about the values of endowments and

the fixed unit factor requirements, does not result in factor price equalization.

The effect of all the other shocks to the system is summarized in Table [I}

dTA de d’f’B de dXA dYA dYB dZB de de
Arx | + - + - + - - -
Arx + - + - - + + -
Ay - + + - + - - -
Ary - + + - - + + -
Bgy + - + - + - + +
Bry - + + - - + - -
Bk + - - + + - + -
Brz - + + - - + - -

Table 1: Comparative statics

4We did not perform the exercise with other specifications (different numbers) of the initial
situation.
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4 A few ideas: generalization, numeraires
and endogenous technical change

In this paper, our initial situation was set out by just assuming that we have two
countries, two cones of diversification and a specific pattern of production. Also,
we worked with numbers for the comparative statics exercise in order to simplify
the analysis.

Several generalizations are straightforward. Of course one could try to solve
the system of differentiated equations (given in Appendix without assuming
numbers. But the results we found were extremely large expressions that were
hard to interpret. Therefore, a possible idea is to reduce the number of variables
in the system.

One way for this reduction is to introduce further numeraires. For capital
and as well for labor one could pick the unit capital input requirement of any
sector in any country as a numeraire for capital, and, accordingly, any unit labor
input requirement as a numeraire for labor. For example, one could define axx
as numeraire for capital and measure all the capital quantities in relation to the
chosen unit capital requirement. Labour could be measured in units of b;,. Or
one could pick any countries endowment with a factor as a numeraire for all factor
quantities.

Throughout the paper, we were silent about why the shocks to technology in
the different countries, sectors and directions (to K or L) occur. The rest of the
paper contains an idea whether and why the technical change is more directed
towards K or L. The main idea is that firms decide on how to make use of
technical improvements. This idea has its origins in the 1960s. The literature and
its modernization is summarized in Acemoglu (2001).

Figure [2| shows how firms decide whether the technical change is more directed
towards K or L. The plotted function A;; = ®(Ag;) offers different ways to
distribute technical change on capital and labor. On the axis are the rates of
Axx ' Bgz Arx’ 7 Brz
K a firm decides to direct technical change completely towards the factor capital.
At point L a firms uses technical change solely for improving the efficiency of labor
input.

change of the technical coefficients, At point

The question arises why firms choose capital improving or labor improving
technical change. The cost function of a firm producing good i (i = X,Y, Z) is as
follows:

(47)



By (Bky) ) )
function(s): Arx = ®(Axx),...

e

slope: — 8—5;:,
Ay
Agx
K Brz
Bry

Figure 2: A firm’s choice

Assume w and 7 as given. Totally differentiating and rearranging the unit cost
function leads to the following result:

dc oc;
‘ 9Ag; T gay,
. rragi- Agi dAg; _w-ar; - A dAL
B A% A Al A

reag; dAKZ w - ar,; dALl

AKi A}Q ALi ALi
de; r. (aKi/AKz'> P w - (aLi/ALi) N

S —= @ ————= A + < Ap; (48)
c c c
Aawi]Aw: api/ApL ‘
Defining Og; = M and Op; = M we can rewrite to:
C; C;
&= —[Oki- Agi+Ori- AL (49)

Equation gives the change of unit costs (¢;) resulting from technical change,
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given w and r. Ok; [Or,] is the cost of using “effective capital [labor|” in the
production of good 7, as a ratio to total costs of producing one unit of good 1.

Now we are able to show why a firm chooses to direct technical change more
in the direction of labor or capital. Any profit-maximizing firm wants to minimize
costs, and thus to achieve a value for ¢; that is as negative as possible, by choosing
AK, With a choice of AKZ, a choice of Ay, is also made, via the function A =
®(Ag;). For a given (w/r) and thus for given agx;(w/r) and ar;(w/r), the first
order condition for this problem is:

déz dALZ !
O[Ok 4O ) = [0+ O - P =0
Y Ok L dAm] Ok i - ']
Ok
P = — 50
< o, (50)

@' is the slope of the function A;; = CD(AKi) and is equal to the firm spe-
cific measure of capital intensity in production, [— (©;/Or;)]. By this first order
condition, one knows that for a capital intensive firm, with a relatively high (neg—
ative) value of [— ©;/Op,], the slope of its tangent to the function B; = ®(A)
is relatively steep. Thus: A firm that is more capital intensive in its production
implements technical change by choosing a high value of Ay relative to AM More
simple: A capital-intensive firm uses technical change to improve the use of capital.

In the general equilibrium analysis, the idea of endogenous technical change
can be used to replace the change of the technical coefficients Ag;, Ar;, Bxi, BrLi
by the function A i = <I>(/1 ki)- Depending on capital intensity, an overall technical
change is directed towards capital and labor. Throughout the paper, the direction
of technical change has been assumed to be exogenous to the general equilibrium.
In this section, firms’ decisions are modeled and depend on the individual firms
capital intensity and the initial levels of factor and good pricesﬂ We leave the
implementation of this idea as a next step in understanding the mechanics of
technical change in a general equilibrium trade model. Of course, we would prefer
an explicit solution for the evolution of the general equilibrium to a comparative
static exercise.

5100 percent exact is: A firm that pays relatively much for capital (per unit of production)
compared to labour chooses a high Ag;.

6In the here presented version of endogenous technical change replaces assumed knowledge
about the size and pattern of technological shocks. But still, the specification of function A =
®(Ag;) has to be assumed as god-given.
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5 Conclusion

As strongly advocated by Dixit / Norman (1980), this paper relies on general equi-
librium theory for the analysis of a factor endowments model of trade. The system-
atic derivation and simplification of equilibrium conditions is demonstrated. Our
workaround for the problem of too complicated expressions is to introduce specific
values for parameters and exogenous variables. With this specific simplification
we are on the one hand able to obtain easily interpretable comparative static ef-
fects, while on the other hand our results are heavily constrained and should be
seen as an (counter-)example. Nevertheless, the ideas in section |4l may lead to a
more general and less restricted version of an higher dimensional trade model with
technical change.
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A Appendix

A.1 Solutions for the endogenous variables

In order to solve the system described by equations to , we define good
Y as the numeraire and set its price equal to one (py = 1). By Walras’ Law, we
can now drop one of the equations. We chose as it looks too complicated.

The fully solved system of linear equations in levels:ﬂ

2

(CLKX aKy ary — Ggy aLX) brz Lp

+(2arx axy bxzbry — 2axx axy bry brz) La
2

+ (CLKy arx — AKX Ky aLY) brz Kp

+ ((axx ary + axy arx) by brz + (—axx ary — ary arx) bxzbry) Ka

A ((GKX Ky Ly — a%{y CLLX) bry bz + (CL%{Y arx — AKX OKY CLLY) brz bLY) La
+ ((&KY arx ary — aKx a%y) bry brz + (CLKX aly — agy apx GLY) brz bLY) K4
(axxaly —axyarxary) bgz Lp
+ ((—agx ary — agy apx) bry brz + (axx ary + axy arx) bxzbry) La
+ (aKY arx ary — agx &%y) brz Kp
- +(2arx ary bxy brz —2apx ary bz bry) Ka

((aKX Ay ary — a%{y aLX) bry brz + (G%(y arx — aKx gy aLY) brz bLY) La

+ ((CLKY arx ary — agx a%y) bry brz + (OLKX a%y — gy arx aLY) brz bLY) Ka

"The command in MAXIMA is:
S :: ALGSYS([D2, D3,D4,D5,D6,D7,D8,D9,D10,D11],[w_A,r A w B,r B,X A Y AY B,Z Bp X, p_Z|);
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(2axxary —2aky arx) bxy bz Lp

+ (aKX biy bz bry — axx biy bLZ) Ly
+ ((axy arx —arxx apy) by brz + (axy arx —axx ary) bz bry) Kp

+ (aLX b%{y brz — arx bry bk z bLY) Ka

= ((@KX ary — Ggy arx) b%{y brz + (axy arx — axx ary) by brz bLY) Ly
+ ((aKY arx — axx ary) bxy bry brz + (axx ary — axy arx) brz b%y) Kp

((axx ary — axy apx) bry brz + (axx ary — axy arx) bxzbry) Ly

+ (axx bxz by — axx biy bry brz) La

+(2agy arx —2axxary) bry bz Kp

= + (CLLX bry bry bz — apx biz b%y) K4

((aKX ary — aKy aLX) b%{y brz + (aKY arx — aKx CLLY) bry brz bLY) Lp

+ ((GKY arx —agxary) by bry brz + (axx apy — axy arx) bxz b%y) Kp

axy La—ary Ka

Xp=—
OGgx Ary — aAgy arx
v, - KX La—apx Ka
W=
Ggx Ary — Ay Grx
bxz Lp —brz Kp
Y = —
bry bz —brzbry
by Lp —bry Kp
Jp =

B bKY bLZ - bKZ bLY
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(CLKX ary — agy aLX) bz Lp
+ (axx bz bry — axx bry brz) La
+ (axy arx —akxxary) brz Kp

+ (arx by brz —arx bz bry) Ka

b= (CLKY by brz — axy bxz bLY) Ly
+ (ary brzbry — ary bxy brz) Ka

(GKX ary — agy aLX) brkz Lp

+ (axx bxzbry — axx by brz) La

+(agy arx —agxary) brz Kp

R +(arx bxy brz — aLx bz bry) Ka

(CLKX ary — agy aLX) by Lp

+(axy arx —axxary) by Kp

A.2 Matrices for the differentiated system of equations

T-U =V
dpx —dAgx agx " Ta- (AKX)_2 —dApx -apx - wa (ALX) 2
dpy —dAky -agy T (Agy) 2 —dAry -apy -wa - (Apy) 2
dpz —dBgy - bgy -5+ (Bky) * —dBpry - bry - wg - (Bry) ™2
dXa —dBkyz -bgxz 1B - (BKZV2 —dBrz bz - wp - (BLZ)72
dYy dKa+ dAkx - Xa-agx - (Axx) 2 +dAgy - Ya - agy - (Agy) 2
T-1dYp = dLa+dApx - Xa-apx - (Apx) 2 +dAy - Ya-apy - (Apy) ™2
dZB dKB + dBKy . YB . be . (BKy)_2 + dBKZ . ZB . bKZ . (BKZ)_2
dr 4 dLp +dBry - Yg - bry - (BLy>_2 +dBry - Zg-bry - (BL2>_2
dw 4 %-p)_(l-(dKA~TA+dLA-wA+dKB-rB+dLB-wB)
drp 5-p;l-(dKA-rA+dLA-wA+dKB-TB—J—dLB-wB)
dwp 507 (dKs-ra+dLa-ws+dKp-rg+dLp - wp)
with T =
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o 0 1 0
A x

0 0 0
Arx
arx

0 0 0
Arx

1.
32y 0 0 1
bx
1.
L
by
l.y
0 0 25 0
bz

ary

0

0

bry

Bry
bry

Bry

0

aKx arx
0o - Ao . !
Arx Arx
0 - - 0 ’
Ay Ary
0 0 0 L
By Bry
0 0 0 L
Bxy Bz
0 0 0 0 ’
0 0 0 0 !
bk z
0 0 0 0
Bz
% 0 0 0 0
Brz ) 1 1 1
o 3 fa —3-la =3 Kp —3-Lp
px Px Px bx
o 3 K4 —5-La —3-Kp —3-Lp
py Py Py Py
1 1 L ]
1 —53 K4 —3-La —3-Kp —3-Lg
Dy Pz Pz Pz

where y = Ky 14+ La-wa+ Kg-rg+ Lp-wp.
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